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CHAPTER 1. PRELIMINARIES



Riemannian Metrics

2.1 Notes

Suppose (-, ) is an inner product on a vector space V, then

(v,w) = 7 (jo+wf ~ o~ wf?).

N

Proof. (Exercise 2.2) Using bilinearity and expand |v 4+ w|?. )

Let M be a smmoth manifold, a Riemannian metric on M is a smooth covariant 2-tensor field
g € T>(M) = I'(T*T*M), whose value g, at each p € M is an inner product on 7},(M), and
forall X,Y € X(M), g(X,Y)(p) := gp(X,,Y)) is a smooth function on M.

Every smooth manifold admits a Riemannian metric.

Proof. (Exercise 2.5) Choose an atlas {¢n|Us — Vo € R™}, and a subordinate partition of unity

{pa}, suppose g, is Euclidean inner product in V,,, then for each X, Y € X(M), we can define

g(X7Y) = Zpaga((@a)*Xv ((pa)*Y),

it is trivial to check the definition above is as desired. &

Suppose (M, g) and (M, g’) are Riemannian manidfols, an isometry from (M, g) to (M’, ¢') is
a diffeomorphism ¢ : M — M’ such that p*¢' = g.
A map ¢ : M — M’ is alocal isometry if each point p € M has a neighborhood U such that

|y is an isometry onto an open subset of M.

Equivalently, p*¢’ = ¢ denotes that the differential ¢, at each p is a linear isometry from
TP(M) to TAp(p) (M), since g(Xa Y) = @*g/<X7 Y) = g/(QO*Xv QO*Y)
And note that if ¢ is a local isometry, we also have , since it is a local result, so the main

difference between local isometry and isometry is “map” and “diffeomorphism”.
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4 CHAPTER 2. RIEMANNIAN METRICS

Example 2.1.1 (The isometry of (R™,q)). Let @ be an isometry on (R",q), then there exists A € O(n)
such that p(x) = Az + ¢(0), i.e. we have Isom(R™) = O(n) x R™

Proof. (Using Geodesic) Suppose ¢ : R™ — R" is an isometry, and WLOG we assume ¢(0) = 0, and
suppose 1) = ¢ o (¢4 0) "1, note that ¢, ¢ is the Jacobian of ¢ at 0, and thus ¢/(0) = 0 and .o = Id.

Recall that the isometry sends geodesic to geodesic, then for geodesic {tv|t € R} with velocity v,

>

then v(tv) is also a geodesic, since ¢/(0) = 0 and ), o(v) = v, thus ’using the uniqueness of geodesic

we know that actually ¢(tv) = tv, then ¢ = Id, thus ¢ is a linear constant map, furthermore, it is an

orthnogonal matrix. &

A more elementary proof can be found in Differential Geometry, Jiagui Peng.

A Riemannian n—manifold is said to be flat, if it is locally isometric to a Euclidean space, that
is, if every point has a neighborhhood that is isometric to an open set in R"™ with its Euclidean

metric g.

Suppose (M’, ¢') is a Riemannian manifold, and F' is a smmoth map, then the smooth 2—tensor

field g = F*¢’ is a Riemannian metric on M if and only if F' is an immersion.

Proof. (Exercise 2.12) Recall that F' is an immersion iff F} is injective, thus on the one hand, if g =
F*¢' isametric then suppose F ,X,, = 0, thensince g(X,, X;) = F*¢' (X, Xp) = ¢/ (Fs pXp, Fi pXp)
0, then X, = 0 thus Fj is injective then F' is immersion.

On the other hand ,suppose Fy is injective then g is naturally non-negative symmetry, the only thing

needs to check is g(X, X)) = 0 iff X = 0, and injectivity provides that. &

Example 2.1.2 (Standard Metric on Sphere). The Riemannian metric induced on S™ by the Euclidean

metric of R" ! is denoted by 5 we will give its precise expansion using local coordinate.

Metrics of Riemannian Submanifolds

Computationson a submanifold M™ C R are usually carried out most conveniently in terms of a
smooth local parametrization: there is a smooth map X : U — R", where U is an open subset of R™
such that X (U) is an open subset of M C R™.

ThenwenputV = X(U) C Mandp = X1 :V — U CR™, then (V, ¢) is a smooth coordinate
chart on M, then if g is the Riemannian metric on M, and ¢ : M C R", the coordinate representation of
gin(V,p)is

(¢7)'g = X*g = X*("G) = (1o X)'F = X'7,



2.1. NOTES 5

Thus once we have X : (u1,--- ,upm) — (X1, -, X,), then we ca locally give the coorcinate repre-

sentation of X (U) in M:

m . "raxt .\ L oXToXt |,

_ X*—_ Xz 2 k
g=4 9= Z(d ) = Z <8uj duj> N oul OuF du’du”
i=1 i=1 i=1

Example 2.1.3 (Metric of S™). Consider the upper semisphere and X : B® — S™ C R"t1:

X(ul,... Ju') = <u17-~ ,u”,\/l—(ul)Q_..._ (u")2>,

we see that the round metric on S™ can be written locally as

g=(dut)?+ -+ (du™)? + (d\/l —(ul)2 - — (u")2>2

utdut + -+ umdu” )2

TP @

(1= (u")?)(du’)? 4 2u'v? du'du’
1= (w2 — (un)?

= (du')?+ - + (du™)? + (

Example 2.1.4 (Flat Tours). The n—tours T™ = S* x --- x S%, regarded as a subset of R*"™ by
(1'1)2 + (1,2)2 — .= (1_27171)2 4 (xQn)Q — 17

and the smooth map X : R™ — T" given by

X(u', - ,u™) = (cosul,sinul, -, cosu”, sinu™)
induces a flat metric on T™, since
n m
g=X"g=>Y ((—sinu')® + (cosu’)?)(du')® =) "(du')’.

i=1 =1

Riemmanian Products and Warped Products

Suppose (M1, g1) and (Mo, g2) are two Riemannian manifolds, and f : M; — R™ is a strictly
positive smooth function. The warped product M7 X ¢ M is the product manifold M7 x M

endowed with the Riemannian metric ¢ = g1 @ f2go, defined by

I(pr.p2) (V15 02), (w1, w2)) = g1]p, (v, w1) + F(P1)? - g2lp (V2, w2).

This is an improtant concept in Metric Geometry. And some interesting examples about

warped product showed in the problems.

Example 2.1.5 (Fubini-Study metric). Note that there is a projection 7 : S*"*t1 — CP", and it is not
hard to show that this is a submersion, then there exists a unique metric g such that 7 is a Riemannian

submersion, i.e., g(X,Y) = g(m. X, 7, Y).
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Basic Constructions on Riemannian Manifolds
We define a bundle homorphism g : TM — T*M by setting
g: X = g9(X), gX)(Y)=yg(X,Y).

Suppose {E;} is a smooth local frame, and its dual coframe is (%), let g = g;;e'e/, and X = X'E;,

then suppose §(X) = a;e’, then we have a; = §(X)(E;) = g(X, E;) = g;; X”, thus
g(X) = (gUXZ)EZ = Xi€i, Xl = ginj.
So we say that §(X) is obtained from X by lowering an index, since the coordinate turns from X* to

X;, and we denoted §(X) by X” and called X flat.

Similarly, for a 1-form w, one can define w* := §~'(w), in short, we have
Xb(Y) :g(X,Y), g(wﬁ7Y) :w(Y)

For f : M — R be a smooth function, then gradf := (df)*, since df = a;e’, then a; = df (E;) =
E;f,thendf = (E;f)e', and suppose gradf = a'E;, then from o g;; = g(gradf, E;) = df(E;) = E; f,
thus a/ = ¢¥ (E; f).

We can generalize this notation to any tensor, i.e, for
A=A/1e' ® E; @ e,

then we have A" = A;jxe' ® &/ ® ¥, where A = gj1Ai's.
Now from the trace of (k + 1,1 + 1) tensor
r_ Fﬁ;fﬂlE@l R ® Eik+1 RN ® €jl+1,
then we define its trace trF' is a (k, [) tensor such that
(trF)f 7k = FU s, @ @ B, @ @ - @ &,
Now for any (0, k) tensor field h, and
h=hj. e @ - @k,
we define the trace of h with respect to g as tryh = trh is a (0, k — 2) tensor, where
= hj1--~jk_1jk5jl Q-1 Ej,,
where from preceeding discussion, we have
- y
hjievgr* = 97 M1

thus we actually have

m_j — Im j ke —
trgh — hjl---jk,gm el R X elk—2 — g hj1-~~jk_2ml5j1 R R glk—2
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Inner Products of Tensors

Firstly, we define the inner product between 1-form:

(w,m) = (W' 7",

suppose w = w;e’, then we have w* = w; E; = gw; E;, then for n* = g%n, E;, so
(w,n) = (g"wiBj, g" e Ey) = 9" g" gju - wimk, = g iy
So it is really a natural generalization of inner prodcut of vectors, since
9(X,Y) = gi; XY, g(w,n) = g”win;.
Now we can define the inner products of arbitary (k, ) tensor, i.e., we define
(01 ® - ®apr1, b1 @+ ® B) == (o, B1) -+ (k15 Breti)-
And for F = F;;;fE ®e, G =G{l;FE ®e¢, we now have
(F,G) =FI0 - GEr - givey - Gisn 71 g7

Some Basic Operators abou Differential Forms
If {'} is any local oriented orthonormal coframe for 7* M, then we define

dV, =e' Ao nem,

i.

J

i.

If (n) is another orthonormal basis, and 7' = a i

e/ and a%al = 6}, i.e., (a*) is an orthonormal matrix,

then we have n* A -+ An™ = (ale’) A - A (al'e") = dV, so the volume form is not dependent on the
choice of orthonarmal basis.

Now more precisely, suppose &' = bidz*, then suppose B = (b%), then since g;; = (9;, 0;), then
we have g(dz’, dz’) = ¢, then we have I, = BBT (g7, thus, we have detB = /det(g;;), so we use

the similar way to calculate, and have

dV, = \/det(g;;)dz' A -+ A da™

Now we recall some basic operators,

1. (Exterior Differential) [d : \*(M) — A" (M)|and we have for w € A (M), then

k
do(Xo, -+ X) =3 (1) Xifw(Xo, - Koy X))
1=0
+ Z(_l)z-‘r]w([XzyX]]aXO tee 75(\1'7 T 75(;7 T 7Xk)
1<J
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2. (Interior Product) ‘Z(X) ANH(M) = NN ‘ and then we have for w € A*(M), then

W(X)w(Xy, -, Xpo1) =w(X, X, -0, Xg1)-

3. (Lie Derivative)| Lx : \*(M) — A*(m)|, then we have for w € A*(M), then

Lxw(Xp, o, Xp) = X(w(X1, -, Xp) = > w(Xp, -, [X, X)) Xp).
=1

4. (Hodge Star) |« : A"(M) — \"*(M)|, recall there always have

wA (xw) =dV,, Ywe AFM).

5. (Divergence) ‘div : X(M) — R|, and more precisely,

div(X) := #d * X,
we also define the divergence as
(divX) - dV = d(i(X)dV}),
we will use the second definition in our latter discussion.
6. (Laplacian Operator) A : C*°(M) — C*°(M), we have
A(u) = div(gradu),

we can actually define A = dd + dd for differential forms, but we will not use it until we discuss

about Hodge theory.

Here are some relations about the operators above, we will select some of them to prove:
Loi(X)(wAn) =i(X)wAn+ (=1)%0 Ai(X)n;
2. Lxi(Y) —i(Y)Lx =i([X,Y]);
3. Lx =¢(X)d+di(X);
4. Lx(wAn)=LxwAn+wALxn,onecan view it as Leibniz rule;
5. Lxd =dLx;

6. EXﬁy — ﬁyﬁX = ﬁ[ny};
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Let (M, g) be a smooth Riemmannian manifold, and (z*) ia s local coordinate, then we have

1 0 3
=7 (xiy
VG O0x? ( G)
1 0 3 ou
Au=—2 (giv/at).

“ VG 0x? <g G(%ﬂ)

div(X0;) =

Proof. Suppose X = X'9;, then since d(i(X)dV;) = div(X)dV,, thus we have
divX - VG = d(i(X)dV,) (1, ,Dn).
Suppose i(X)dV, = a;dx! A - -dat A -+ A dz™, then we have
a; = i(X)dVy(dy, - - Oiy - ,On)
= dV,(X, 8y, - -- iy ,On)
=VGdz' A Adx(X0;, 01, 05, Op)
=VG-(—1)" Yz A AdZ Dy, X0, Oh)
— VG- X1 (—1)i T,
Thus it is trivial to see that we really have

div(Xig;) = —— 2 (Xfo)

~ /G oz
. . » . Ou .
Now for Au = div(gradu), and since gradu = (du)? = u'9; = ( g¥ Ee 0;, since
x

ou . ;

— J— gy da

du = 5 dz’ = u;da’,

Thus the formula follows from the divergence. )

Suppose (M, g) is compact oriented manifold, then the folowing divergence theorem holds for

X e X(M):

/ divXdV, = / (X, N)dV,
M oM

where N is the outward unit normal to OM and g is the induced metric on M.

Proof. For any p on 0M, we suppose N U {E;}! , is an orthonormal basis of 7,,M, and {E;}!",
is an orthonormal basis of 7,,0M, and the dual basis is el g2 ... ", then dv, = el Ao A g™, and

dV; =e?A--- Ae" and assume i(X)dV, = a;e’ A+ Ael A--- A", then we have

ai :d‘/tq(X,EQ, aEn) = <X5N>?
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suppose ¢ : M — M, then by Stokes furmula

Finally ,we complete the proof, the main part is ¢*. )

The divergence operator satisfies the following product rule
div(uX) = udivX + (gradu, X), wuwe C®(M),X € X(M),
then we have the following integration by parts formula

/ (gradu, X)dV, —/ u(X, N)dV; — / udivXdVj.
M

Proof. We have

1 0
div(uX) = e 830’ (uXVG@)
0 ou
XWVG)+ Xt
f oz’ (XVG) + oz’
= udivX + Xu = udivX + (gradu, X).
And using divergence theorem we can finish the proof. &

Suppose (M, g) is a compact connected Riemannian manifold with nonempty boundary. Then a

function u € C°° (M) is harmonic if and only if

/M |gradu|?dV, =  min / |grad f|2dV,.

flomr=ulon J M

Proof. For any fixed f € C°°(M) and f|sps = 0, then from integration by parts,

/ udivXdV, + / (gradu, X)dV,, = / u(X, N)dVj,
M M oM

then we actually have

/afAudVg—i—/ <gradu,gradaf>dVg:/ afNudV,
M M oM
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Then we have for all f|ga = 0,

/ grad(u+af)|2dVg—/ |gradu|*dV,

M M

:a2/ \gradf|2dVg+2a/ (gradu, grad f)dVj,
M M

=a? / |grad f|?dV, — 2a / fAudV,,
M M

thus on the one hand, if u is harmonic, then for arbitary f|53, = 0, we have

/ |lgrad(u + af)|*dV, —/ |gradu|?dV, = a2/ |grad f|2dV, > 0,
M M M

i.e., which minimizes the integral. On the onther hand, for arbitary p € M°, if M° = @, then M = OM,
there is nothing needs to show), then there is > 0 such that B,.(p) C M and consider a smooth cut off
function 0 < p < 1 such that it is supported in B, /5(p).

Then consider smooth function which is naturally vanishes on dM, if gradg already

identically zero on M, then choose a > 0 one can see that we muast have

K ::/ p(Au)?dV, :/ p(Au)? =0,
M (P)

if not, then since K > 0, so we can choose

K
I<oa<< —/—mm—— = / rad(u + ag)|?dV, </ radu|>dV,
[ TeradoT T, | Jerd(u - ag) PV, < | JgradulaV,

which is a contradiction, then we know that we must have K = 0, i.e., Au = 0 on B,(p), now since M

is compact, we know Awu = 0, thus we know that u is harmonic function. &
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2.2 Problems

Problem 1. Show that every Riemmanian 1-manifold is flat.

Proof. Recall that it is suffices to show that every point has a neighborhhood that is isometric to an
open set in R with its Euclidean metric g. For given p € M, and choose a coordinate neighborhood U of
p with coordinate x, then suppose N (q) = g4(0/0z|q, 0/0x|y) is a smooth function on U, then consider
y = 2/V/'N, thus g,(0/9y, d/0y) = 1, thus (U, y) is as desired. &
Actually, we will soon know that flat means that the curvature vanishes, since the curvature is

a 2 -form, it vanishes on a 1-manifold.

Problem 2. Suppose V and W are finite-dimensional real inner product spaces of the same dimension,
and F' : V — W is any map satisfies F'(0) = 0 and |F'(z) — F(y)| = |x — y| forall z,y € V, Prove

that F' is a linear isometry.

Proof. Recall that a linear isometry is a vector space isomorphism which preserves inner product, let
y = 0 then the latter is trivial, and F' is naturally injective, so the only thing needs to prove is that F' is
linear. Note that (F(av) — aF(v), F(av) — aF(v)) = |F(av)|? — 2a*(F (av), F(v)) + a?|F(v)|?> = 0,
thus F'(av) = aF(v), using the same method one can shows that F'(av + bw) = aF(v) + bF(w), then

F is linear, then we finish the proof. &

Problem 3. Given a smooth embedded 1-dimensional submanifold C' C H, then the surface of revolu-

tion S¢ C R? with its induced metric is isometric to the warped produt C' x, S*.

Proof. Suppose C' = (a(s),b(s)) where s is the length paramter, then a/(s)? + b/'(s)? = 1, then we
have X (s,0) = (a(s)cosf,a(s)siné,b((s))), then g represents by (s, ) is

g=X*g=(d(5)* +V(5)%)(ds)? + a*(s)df? = ds* + a*(s)d6?,
since it has same formula with C' x, S*, then the isomorphism is trivial. &
Problem 4. Let p : Rt — R be the restriction of the standard coordinate function, and let R™ x , gn—t

be the warped product. Define ® : Rt x, S"~! — R™ — {0} by ®(p,w) = pw. Show that ® is an

isometry between them.
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Proof. Recall an isometry is diffeomorphism + p*¢’ = g, since diffeomorphism is trivial, so it suffices
to show the metric equation. Since g = dp? + p?dw?, and for w = (w!, - ;W™ 1 /1 — (w))?), and

dw? is the round metric of S”~!,and recall then
*g = 0" ((da')? + - + (da")?) = (d®")2 + - - - + (dd")?

n a(I)@ a(I)@ ) 2 n—1 - - : ‘ )
- =54’ = ' )2 — )2 —_ )2
3 (Bap s W) = St g+ (Vi o+ p0y/1— )

2

=1

Finally, we finish the proof, and note w™ = /1 — (w1)2 — -+ — (W 1)2. &
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Model Riemannian Manifolds

3.1 Notes

A Riemannian manifold (M, g) is called a homogeneous Riemannian manifold if Iso(}/, g)
acts transitively on M, i.e., for each pair of points p, g € M, there is an isometry ¢ : M — M

such that p(p) = q.

15
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3.2 Grometry of Lie Groups



Connections

4.1 Notes
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4.2 Some Calculations
V :TEOTM — T*RHDTM, with VF(- -+, X) = Vx F and

(VXF)(wlv' o 7wkaX17"' 7Xl)

:X(F<w17 7wk7X17"' 7Xl>)

l .

_ZF(WI’”' JVxwh - wf Xy, X))
j=1
k

_ZF(wl’“' ,wk,X1,--~ VX Xj, -, X))
i=1

We use the notation F;ll;l’“m denotes the m compoent of VF', and

v%(,YF = V2F( 7Y>X)7

we now show that| Vi y F = Vx (VyF) — Vy, v F|.

Proof. We firstly show that
VyF=t(VF®Y),

WLOG we assume Y = E,,, then we have Vg, F = F;ll;l’“m, and since

T B S,
(VF ® Em)jl"'jljz+1 - Fjl"‘jl;jl+1’

thus we have tr(F @ Y') = FI'% 5o we know that they agree. Then the last is trivial. )

Jigim?

Now for Hessian of u, V2u is a (0, 2) tensor, V¥ = u;ijdq:i ® dz7, and

VQU(Y,X) =Vx(Vyu) — Vv_xyu= XY (u)) = (VxY)u,

so we have u.;; = 0;(0ju) — (Ffj)aku =|0;0ju — Ffjaku .




Remiander

1. Propsition 2.9 and Exercise 2.10, I don’t know how to describe the topology of UT' M, although

it is sphere bundle over M

19
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