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Rievew of Last seminar

B Q*: The algebra over R generated by {dz'}i<;<p;
B C* differential forms:

Q*(Rn) _ Coo(Rn) % Q*;

B differential operator d: Q4(R") — QITH(R"), with
m if f € QOR"), then

S Of e OF s
df =) sodo’ = Z=da;
=1

m if w= frdz!, then dw = df; A da!.
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Rievew of Last seminar _

B de Rham complex on R":
{Q*(R™),d} : 0 QOR™) S Q'RY S 2R S -
B de Rham cohomology of R™:

Hpp(R") := Kerd/Imd;

R ifqg=0
B HIR' = I 1 , we will soon show
0 ifg>1
R ifg=
(Poincaré lemma) HY(R") = Tq=0
0 ifg>1
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Rievew of Last seminar

Given a short exact seq of differential complexes:

oAb B oo,

there is a long exact seq of cohomological groups :

. HY(A) L BB & HY(O) - HIYL(A) - -
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Rievew of Last seminar

It is not hard to see

Hipr) = {1 omensiond gy _ J® i dimension]
0  otherwise

0] otherwise
we will soon see

R in dimension n

(Poincaré lemma) H!(R") = .
0  otherwise
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Rievew of Last seminar _

Suppose M = U UV with U,V open, then the Mayer-Vietoris seq below is
exact:

0= Q* (M) = Q*(U) ® Q*(V) = QU NV) = 0,

and
0+ QM)+« QU)dQ(V)«— Q(UNV) «+ 0,
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wWhat we Rrow 7 H* (R') > step by swp

=¥ C (RV\') Tmluctton .

what we wownt 2

Geoal: Fid wlatim  between

FFCR™)Y  and HACRD)
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Poincaré Lemmas

In this section, our main goal is to compute the ordinary cohomology and
the compactly supported cohomology of R”, a baisic but improtant
observation is

R % R N (R"R') H* (R"<IR)
*
e U et I
v

R* JUE (R HF(R")
X=X, SU)=x0)  §%{o) = fix.0)

We will show that these maps induce inverse isomorphisms in cohomology

and therefore H*(R"*1) =2 H*(R"). @
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Poincaré Lemmas _

/)Sﬁ' o‘ﬂﬂ::To‘ Kﬂ‘ogﬁ‘

Since s* o * = (w0 s)* = id, but the other side doesn't hold, but we hope
there exists K such that

1 ™o — i(dw, X ogk

K: N UR%R) — 5% (R R )

Check ! - ‘\{lvbe haw . then T¥ol™ = 3

—
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Poincaré Lemmas _

l<r 2 RAR) — DY (R¢R)
Mol dea : wewmoe T . W eI NR%R) URR)

(T) thew s no It : I pe 2URY

w= l@ fix.) — s D

(L) ther s o dt : g 6 e Y (R
t
w=(rxp) A -Fc?c,t)o!f —= K*Fs'g\ '(:J't
—_— ~— °
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Goal: Check sudh & veolly Satifies |- TFos™ = r(dk=x |<'o‘)

S—

e onl7 check (T).

(D) Suppese w = (°P)- fixt) €N (R"2IR)
RS W = K (S"Ef?) )
= T p(fe) =) (feon)
= ‘K*f- f)x.n)
= (=) W = TR <-F(x‘v)—f(x\m)

~~—
M.m Kay (NKU) '1st Geometry and Topology Summer School [/ GY32023



kw =0 = dkw =o

dw = d(w~¢ {ixer)

<=4, f ooty @A(‘”"@

(I) ()

(r ) [k

= f"“’"f""”) = - Theck
= () (dkkd)
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Poincaré Lemmas _

Thwm R*@®RY) 2 HARM) 2-- 2 (1% ()

%
PRE, By Mduction.  HN(R™) TS HRY)
Q#*

Oow\larz; ugm?f the Sawme ob@rvation:

M x R H*(MXIR\)
=| s = ™) |
SIx) =xe) _ HRER)

ProR M
ROT: (ocally use K OPerartoy .
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Oow(\o_xz H ow TopRC rops mdua the game Map

W) whom(037 . .

=
PRSE: Recall f Z9:mon. tie Fr e R

= (%
i Exe) = £ix) t g | Suppere i&m) x0)
F(X.'&) = &) t<o S"lx) = (7(\0)
E: 3
% —E: FO S) , &:‘.Fo QQ aﬁ—N

D TF oS ¥ S @) op* <o
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Poincaré Lemmas

The case for compoct colormelegy 13 Stw(ar,

REVUR™) 2 HE uen)
RETMxP) 2 BT (M)

Exercice 4.9, compute  HEN). KY W), Moas open (S bilug Str}[),

< =
O M 2 S' = RFM) 2 R
u vV
D) T R
N/ ‘ : ; N \2 I| 1‘ : { S
\ I | ] ] | f
| |
I S G I
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Motivation: The Way R ol enlats, H*CS"‘)

7
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Mayer-Vietoris Argument

m Geometric tools: induction on the cardinality of an special open cover
—the good cover;

m Algebraic tools: Five Lemma

Giiven a |oovv\v~au~tat‘\\& o\tujrwv\| u—(- I\ 9ps
wsafapg B By B

D\J/E,CI' Ble r| 4= JE

o oo _——>AI—> 3’£> C f'5_>’ D’ﬁr,E’_) sss

than T8 ol o 180 moplte v
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Mayer-Vietoris Argument

m the finite dimensionality of de Rham cohomology;

m Poincaré duality;
m the Kiinneth formula — compute the cohomology of product space;

m the Leray-Hirsch theorem — compute the cohomology of fiber bundle.
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Mayer-Vietoris Argument

Let M be a n manifold, an open cover U = {&5 M is called a good
cover if all nonempty finite intersectiong Uy, N - - - Uy, Jare diffeomorphic to
R™. A manifold which has a finite good ¢ is-said to be of finite type.

—

Every manifold has a good cover.

Ever compact manifold i ' @
w

D
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Mayer-Vietoris Argument

Some basic knowledge from Riemannian geometry may be helpful:

@ Every manifold can be given a Riemannian structure, and Levi-Civta
connection, thus we can define geodesic;

B From Whitehead theorem in Rienmannian Geometry, every point has
a geodesically convex nbhd, C> cormo P76 7

B If U and V are g.c., then UNV is a g.c.n;

The geodecically convex nbhd can be choosen sufficiently small s.t. it
lies in the coordinate nbhd, then diffeomorphic to R™.

Ol
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Application |: Finite Dimensionality
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Mayer-Vietoris Argument

ﬁ =~ (P"‘| i

If M has a finite good cover, then we have each q € N,
~—_— -

dimg H(M) < oo.

The most important observation: by MV sequence Uuvv =M

("
---—>H Y SrtEU uVYS B @ HI(V) = - - |

We get

HYUUV) = kerr & imr = . i

—_—

IN
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Mayer-Vietoris Argument

Induction: the number of covers in thé& good cover
If M is already diffeomorphic to R™, then it follows from Poincaré lemma.
W\_\‘ -~
= le(P (_'{LU)COQ
Now for p — p + 1:

Eood cover is {Up, -+ ,Up}, consider‘U =UpU---U UP:L and
& —_———

it follows from the observation above. OJ

Remark. It is also true for compact cohomology. @

—YUop. —
Wop: — upa)

padih SR T
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Application Il: Poincaré Duality
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Mayer-Vietoris Argument _

HUWRY) R o0-- -

Q
For Vn € N: Hz‘(@” O?@Q

o {?.fg_—_g HQ(Rn):{(@ fiq=n

ifg>1 "~ S~

For sphere S™:

R ifqg=0
H(S™) = g(sn)z{o Iels,qe :
Roz-_ (R
m%@
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Mayer-Vietoris Argument

A potrng betvean VoW MgV, dimpw < <o

< L > VOW >R <V""’>GFR
1s Soid T ke V\\'N\Jue\jekera'tg‘ ‘.f

<v.w>=o. @ = \V =D
N —_——

e te mop U= <v, > ew® s Trjectie, .
e ————

T"‘_M. dimpV , dmpW <. <, > 15 huw&ﬁmratg

T’H: the map ?s an Fomorfhisna

re. V =w*
\
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Mayer-Vietoris Argument
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Mayer-Vietoris Argument _

Suppose M is oriented n manifold, there is a pairing  * = MG\/\ T

/:H’I(M)®Hf}_q(M)—>]R, @] [ oA

If M has a finite good cover, then the pairing is nondegenerate ,i.e.

Check!: Is the pairing well defined? P /D 9]
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Mayer-Vietoris Argument

Similar to the previw, we hope the theorem can be proved by

induction gmare-precisely, if the thm holds for U,V and U NV, then it
holds fa

From M

€q , we have (note the different direction)

e it tUov)< H ?Lu)@ He o) < H:,JL (W) <-...

- HTH (Uov) > HE W™ R ) —s WYy —

X b &

- —s oY) — Riw OHYV) — H?,(“,,V)_)_\,
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Mayer-Vietoris Argument

Mai  obg&tvu ction - ("ﬁq(“} e " u )
\ .
tnducr {'va‘ yq AT DL

© how 0 shw th Commutative 7

restriction diff

< —HYWU u V) HYU)® H(V) 25 U ~ V) —Z s B U G V) — -

® ®

e HIZU O V)= HU)© HE (V)

.

R
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Mayer-Vietoris Argument _

UV s EALAY

= HYU U V) HAU) @ HY(V) 2 HoU A V) —2 s HO U U V) — -

——
® ® ®

d,

-*
ce H(U U V)= B YU) @ HYY(V) HI™U A V)——H""YU u V)
NS
IO |
vV v v vuVv
R R R R

check: < Ww.dxT> and <A*w,T> ;TU\Q MJ“&T

~ - - -

Recall: d*w [y =-d(Py w), O\*UOI\/Z&lﬁAW) ZO\MSWUM s
dxT = d(Pur) = d(HT)

\ S?‘au— oMy,

"ﬁr\e last 1s duect Calcufation -

SWIRES= [ wnda= 0", AT = (g RV,
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Mayer-Vietoris Argument _

o0 =

R tw) a ¥ (u)

® — K = HY W) =" ©  —s H®uAy)— -
R4WW) "] (V)

L2 D cl 2 l,b () le () l‘:’
(e L 4, 37 He wy®

o Re (W\‘@Hc luu)v)*» o) - H“::Eumoﬁ -
HatLu)* <

2w W T <hare

() commetie from <ol exlely = <) 1oy Lot ol)

. _ w +1 —
: yw\vw/\o\*t —Lﬂ)d!a Juuv dkw AT oo

i.e. ba= ;olc
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Mayer-Vietoris Argument

Induction: the number of covers in the good cover
If M is already diffeomorphic to R™, then it follows from Poincaré lemma.

Now for p — p + 1:
Suppose good cover is {Uy, - - , Uy}, consider U = Uy U --- U Up_1 and
V = U,, it follows from the observation above. O
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Mayer-Vietoris Argument

Recall: M 1sfinite €ype| then l\_\‘t(m 3( gﬂuo\)>*

If M is a connected oriented manifold of dimension n, then
(HM(M))* = H°(M) =R, then H*(M) = R, if M is also compact, then
H™"(M) =R.

If M, N compact, connected, oriented, f: M — N, f*: H"(N) —
H"(M), then the degree of f is

=
where H"(N) = ([w]). 4an

E—
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r

Application Ill: Kiinneth formula
and Leray-Hirsch Theorem

Xx
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Mayer-Vietoris Argument

Kiinneth formula mainly tells us how to compute the cohomology of the
product of two manifolds M and F, i.e.

roen - €D-60)

More precisely

o S @ manemm. fd

pta=n

To have a better under ing of MV argument this powerful tool, we
will assume on|y|M is finite type.
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Mayer-Vietoris Argument

The two natural projections
.
F
P =

vo I

give rise to a map on forms
P
we ¢ ufPptd, we HP(M),¢ € HI(F),
N~—— —— —
which induces a map in cohomology

@ H*(M x F) = H*(M) ® H*(F),

we will show that v is an isomorphism.( Five lemma ! )

U ——
—_—
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Mayer-Vietoris Argument

Main idea is also :induction + MV sequence, so if M = R", it follows
from Poincaré lemma.

Now consider MV seq beIow
= HA(UUY) %@ H@—u{?@)

I tensoring H" P(F), still exact;

B summing over all integers p.

T
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Mayer-Vietoris Argument

Using Five Lemma

we get an exact sequence by tensoring with H” ~?(F)
© = HYU v V)® H"""(F) — (H*U) ® H""*(F)) @ (H*(V) ® H"~"(F))
—_—— D s
— HU N V)@ H" P(F)— ---

since tensoring with a vector space preserves exactness. Summing over all
integers p yields the exact sequence

.= @HAU U V)@ H*F)

p=0

s (HP(U) ® H* *(F))@(H(V) ® H""*(F))
=

> @HAU A V)@ H"F)— - .
SmunnerTB

The following diagram is commutative

® HYU U V)® H#(F)— @ (HA(U)® H" *F) ® (HAV)® H" "(F)~ & H(U V) ® H"""

T T B DR

HW(UUV)xF) H"U x F) @ H(V x F) H"((Ur\VB(‘F)
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Mayer-Vietoris Argument

Let 7 : E — M be a fiber bundle with fiber F', suppose there are
cohomology classes ey, - - - , e, on E which restrict to a basis of the
cohomology of each fiber. Then we can define a map

b HY (M) ®@R{er, - ,e,} — H*(E).

The same argument as the Kiinneth formula gives

Let E be a fiber bundle over M with fiber F', M is finite type, if there are
cohomology classes ey, - - - ,e, on E which restrict to a basis of the
cohomology of each fiber, then

H*(E) = H*(M) @ Rie, -+ , e} = H*(M) ® H*(F).
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The End
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